The Einstein-Schrödinger theory is expressed in Newman-Penrose form. A general solution for the connections in terms of the fundamental tensor is derived in the tetrad frame. The theory is shown to approximate classical general relativity and electromagnetism when a large extrinsic cosmological constant is assumed. The tetrad form of an exact electric monopole solution is shown to approximate the Reissner-Nordström solution and to be of Petrov type-D.
Introduction
The field equations of the Einstein-Schrödinger theory [1, 2, 3, 4, 5, 6, 7, 8, 9] , including an extrinsic cosmological term [10] and charge currents [11] are,
•R
[σµ,ν] + Λ bN[σµ,ν] = 0,
j αN αβ N σµ , (3)
Here • R σµ = R σµ ( • Γ) is the Ricci tensor, N = det(N .. ), g = det(g .. ), T σµ is an energymomentum tensor with no electromagnetic component, j α is a charge current, N σµ is the fundamental tensor, "n" is the dimension, and bar and hat indicate symmetrization and antisymmetrization. The metric is defined as [13, 14, 15, 11] 
Here N ⊣νσ is the inverse of N σµ so that N ⊣νσ N σµ = δ ν µ . Like Schrödinger, we include an intrinsic or "bare" cosmological constant Λ b , partly because this allows a very simple derivation of the theory [10] . We also include a large extrinsic cosmological constant Λ e , perhaps caused by zero-point fluctuations [10] . The total Λ will then be
From a theorem of tensor calculus [12] , (2) implies that •R σµ + Λ bNσµ is a curl, so (2) can be written in the completely equivalent form
and (1, 2) can be combined together in the completely equivalent form,
The term • Γ α α [σ,µ] is needed to retain Hermitian symmetry [5, 11] and • R σµ + • Γ α α [σ,µ] is sometimes called the Hermitianized Ricci tensor. Contracting (3) with N ⊣µσ /2 shows that this extra term vanishes when charge currents are absent,
Multiplying (3) by −N ⊣ρσ N ⊣µτ gives
Taking the antisymmetric part of this, contracting, and using (9) gives Ampere's law,
where
The Einstein equations are obtained from (1), 8πG
The generalized contracted Bianchi identity with charge currents is [11] ,
•Ḡν
Using (17, 7, 12) and appendix B of [10] , the divergence of (15) gives, 8πG
Assuming T αν = µc 2 u α u ν , with u α = dx α /ds = j α m/ecµ and (µu ν ) ;ν = 0 from (13), equation (18) is just the Lorentz force coupled to Newton's 2nd law, which is the same result obtained in classical general relativity and electromagnetism,
Here the conversion to cgs units is,
σµ (and likewise for A σ and j µ ).
It is preferable to work with the theory in what Schrödinger calls the "para-form", where (3) describes an implicit algebraic dependence of • Γ α σβ on N σµ and N σµ,β . The solution for • Γ α σβ (N .. ) yields the Christoffel connection for the symmetric case,
The exact solution for • Γ α σβ (N .. ) is much more complicated for the non-symmetric case [16] , and this has been a major obstacle in working with the theory. In this paper we will derive a general solution for • Γ α σβ (N .. ) in the Newman-Penrose tetrad frame. It is given as an addition Υ τ νβ to the Christoffel connection,
(22) Extracting Υ τ νβ from the Ricci tensor gives [10] ,
(23) Here R σµ = R σµ (Γ) is the ordinary Ricci tensor. Substituting (23) into (8) or into (1, 2, 7, 15) , and working in the tetrad frame, one then has an explicit version of the field equations for general N σµ . It must be mentioned that the solution for • Γ α σβ (N .. ) in the Newman-Penrose tetrad frame has in a sense already been done in [17] prior to the development of the full Newman-Penrose formalism [18] . However, reference [17] uses a different metric definition and does not include charge currents. It also uses completely non-standard conventions and notation, and does not simply results.
This paper is organized as follows. In §2 the Newman-Penrose formalism is applied to the non-symmetric fields of the Einstein-Schrödinger theory. In §3 the field equations are expressed in tetrad form. In §4 a general solution is derived for • Γ α σβ (N .. ) in the tetrad frame. In §5 the theory is shown to approximate classical general relativity and electromagnetism when a large extrinsic cosmological constant is assumed. In §6 the tetrad form of an exact electric monopole solution is shown to approximate the Reissner-Nordström solution and to be of Petrov type-D.
Application of the Newman-Penrose Formalism
Let us write (5, 14) as
It is proven in [17] that except for the important case f σ µ f µ σ = det(f .. )/det(g .. ) = 0 and some unimportant degenerate cases, any real M σµ can be decomposed such that,
As with the Newman-Penrose formalism [18] , the tetrads e (α) σ and inverse tetrads e (α) µ both consist of two real vectors and two complex conjugate vectors, and are related via raising and lowering of indices with g (σ)(µ) and g σµ ,
If M σµ is real, the scalars "ù" and "ǔ" are real and are given by [17] 
If M σµ is instead Hermitian, things are unchanged except that "ù" and "ǔ" are imaginary instead of real. From (24,26), the fundamental tensor of the Einstein-Schrödinger theory is,
Note the correspondence ofs,c,ù andš,č,ǔ to circular and hyperbolic trigonometry functions.
Covariant derivative is done in the usual fashion,
(50) For the spin coefficients we will follow the conventions of Chandrasekhar [19] ,
With these coefficients, complex conjugation causes the exchange (3) → (4), (4) → (3).
The Field Equations in Newman-Penrose Form
Substituting (23) into (8) and using (50) gives the field equations, 8πG
From (28,50), Ampere's law (12) 
The connection equations are easier to work with in contravariant form (11) than in covariant form (3) . Multiplying (11) by √ −N / √ −g and using (40,50,22,46,47) gives
To save space in the equations above we are using the notation,
An Exact General Solution for the Connections in the Tetrad Frame
The connection equations (73-83) can be solved by forming linear combinations of them where all of the Υ (α) (σ)(µ) terms cancel except for the desired one. The required linear combinations are listed in Appendix A and the calculations are done in Appendix B. The result, split into symmetric and antisymmetric components is below,
As an error check, it is easy to verify that these results agree with (9) and (4),
Approximation of Classical General Relativity and Electromagnetism
In [10] it is shown that this theory closely approximates classical general relativity and electromagnetism when a large extrinsic cosmological constant is assumed. Here we will confirm this by deriving some of the results in [10] by tetrad methods. From (42,44,39,41,27,28) we have, to second order inù andǔ,
These n = 4 results match the order f 2 approximations derived in [10] ,
Substituting (124) into (15) and using (39) gives
When converted to cgs units via (20) this is clearly an approximation to the Einstein equations of classical general relativity and electromagnetism. In Appendix C it is shown that to second order inù andǔ, the exact n = 4 solution for Υ (α) (σ)(µ) in §4 matches the the order f 2 approximation derived in [11, 10] ,
Combining (7, 125, 23, 129, 128) gives, to order f 1 ,
The last two terms of (133) can be neglected if Λ b is very large, as we are assuming. Taking the divergence of (133) using (12), the ϑ [τ,α] ε σµ τ α term drops out and we get an approximation to Maxwell's equations,
Taking the curl of (133), the 2A [µ,σ] term drops out and we see that the additional supermassive vector field ϑ ρ obeys a form of the Proca equation,
An Electric Monopole Solution
Here we assume T σµ = 0, j ρ = 0, which is the Einstein-Schrödinger equivalent of electro-vac general relativity. The Newman-Penrose tetrads of the electric monopole solution derived in [10] are similar to those of the Reissner-Nordström solution [19] , except for theč factors,
where from [10] u = 0 ,s = 0 ,c = 1,
In (145), the term −Λ b Q 2 /2r 2 = e 2 G/c 4 r 2 matches a term appearing in the Reissner-Nordström solution, and the remaining Q terms are negligible for ordinary radii. The nonzero tetrad derivatives are,
From these and (53), the λ (α)(β)(ν) coefficients are 
From (51), the spin coefficients are similar to those of the Reissner-Nordström solution [19] , except for theč factors,
The type-D classification of this solution is evident because κ = σ = λ = ν = ǫ = 0 and from the Weyl tensor components calculated with MAPLE,
The electromagnetic vector potential from [10] and (138-140) completes the solution,
Here all terms except Q/r are negligible for ordinary radii, assuming (148,149).
From (24,26,138-140,143-145), the tetrad solution matches the solution in [10] ,
Also, from (182,46-49,32) we have,
This solution reduces to the Papapetrou type I solution [20] for Λ e = 0, Λ b = Λ. Note from (149,144) that with an imaginary Q and an elementary charge, "č " goes to zero at r e = |Q| ∼ 10 −33 cm. According to a geodesic analysis [21] of this solution for Λ e = Λ b = 0, the r e surface behaves like a "hard sphere" which deflects all test particles. In this sense it conceals the r = 0 singularity from physical space, and the event horizon as well if it is smaller.
Conclusions
The Einstein-Schrödinger theory is particularly workable in Newman-Penrose form. The presented solution of the connection equations is fairly simple and requires no special form for the fundamental tensor or tetrads. It is very compatible with symbolic algebra programs such as REDUCE or MAPLE.
The equations in §1 and §5 demonstrate by different methods than used in [10] that this theory approximates classical general relativity and electromagnetism when a large extrinsic cosmological constant is assumed. This is corroborated by the Petrov type-D classification of the electric monopole solution, and by its close approximation to the Reissner-Nordström solution in tetrad form. correspondence concerning his method [11] of including charge currents.
Appendix A. Linear Combinations to Solve for the Connection Addition
In the following linear combinations of equations (73-83), the right-hand-side Υ
(2)(2) = Υ
(2)(2) +
− o (4)(4) (4) ), (A.6)
(1)(2) = ± Υ
(1)(2) +
Appendix B. Calculation of the Exact Connection Addition
Performing the linear combinations in Appendix A and using (64,67,70) and the notation (84,115) gives (2) f (1)(2) g (1)(1) + 1 3 j (2) f (2)(1) g (1)(1) + 1 3 j (2) f (2)(1) g (1)(1) (C.6) = 0, (C.7)
(2) f (τ )(ν) ))
iùj (4) , (C.10)
(2)(1) f (τ )(ν) )) + 1 8 ( ℓ ,(3) g (1)(2) − ℓ ,(1) g (2)(3) − ℓ ,(2) g (1)(3) ) + 2π c j (4) 
